ON THE A.C. SPECTRUM OF ID DISCRETE DIRAC OPERATOR 



SYLVAIN GOLENIA AND TRISTAN HAUGOMAT 

Abstract. In this paper, under some intcgrability condition, wo prove that an electrical perturbation of 
the discrete Dirac operator has purely absolutely continuous spectrum for the one dimensional case. We 
reduce the problem to a non-self-adjoint Laplacian-like operator by using a spin up/down decomposition 
and rely on a transfer matrices technique. 
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1. Introduction 

We study properties of relativistic (massive or not) charged particles with spin-1/2. We follow the 
Dirac formalism, see [Di]. We shall focus on the 1-dimensional discrete version of the problem. In the 
introduction we stick to the case of Z and shall discuss the case of N in the core of the paper, see Section 
15.11 The mass of the particle is given by m > 0. For simplicity, we re-normalize the speed of light and 
the reduced Planck constant by 1. The Dirac discrete operator, acting on ^^((G,C^), is defined by 



m d 

d* — m 



where d Id — r and t is the right shift, defined by Tf{n) = f{n + 1), for all / £ £^(Z, C). The operator 
Dm is self-adjoint. Moreover, notice that 

A + m^ 
A + m- 
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where A/(n) := 2/(n) ~ f{n + 1) - f{n - 1). This yields that a{Df-^) = [m'^A + m^]. To remove the 
square above Dm, we define the symmetry 5* on ^^(Z,C) by Sf{n) ~ /(— n) and the miitary operator on 

£2(Z,C2) 



(1.1) V:^ 



\S 

-\S 



Clearly U = U* = U ^. We have that UDmU = —Dm- We infer that the spectrum of Dm is purely 
absolutely continuous (ac) and that 

a{Dm) = crac(An) = [-Vm^+^, -m] U [m, +4]. 
We shall now perturb the operator by an electrical potential V = (Vi, V2Y G £°°{G,M.'^). We set 



(1.2) H:=Dr, 



ViiQ) 
V2{Q) 



Here, /(Q) denotes the operator of multiplication by a function /. Clearly, the essential spectrum of H 
is the same as the one of Dm if V tends to at infinity. We turn to refined questions. The singularity 
continuous spectrum, quantum transport, and localization have been studied before |CaOH IPr01| ICOP| 
IPr012| lOlPri l01Pr2j . The question of the purely ac spectrum does not seem to have been answered 
before. This is the purpose of the article. 

We recall the following standard result for the Laplacian (the non-relativistic setting). We reprove it 
in Section [6] 

Theorem 1.1. Take V e £°°(Z,R) and v (^1% such that: 

lim„^±oo V{n) = 0, 

(1.3) 

then the spectrum of A + V{Q) is purely absolutely continuous on (0,4). 

In the case of Z+ and for = 1, the result has been essentially proved in |Wei| (in fact in the quoted 
reference, one focuses only on the continuous setting). The proof for the discrete setting can be found 
in }DoNe| ISimj . For > 1, it seems that it was first done in |Stoj . Note that for instance, one covers 
potentials like V{n) = {—l)"W{n), where W is decay to 0. We refer to |GoNej and to |KaLaj for recent 
results in this direction. 

An amusing and easy remark is the difference between N and Z. In the latter, the decay hypothesis is 
asked only to the right part of the potential. This reflects the fact that the particle can always escape to 
the right even if the left part of the potential should have led to some singularity continuous spectrum 
in a half-line setting. 

We now turn to the main result of the paper. For simplicity we present the case of Z with electric 
perturbations. We refer to Section [3] for the main statements. 

Theorem 1.2. Take V G £°°{Z,M.'^) and v <eZ\ with: 

lim„^±oo V{n) = 0, 



then the spectrum of H is purely absolutely continuous on (— Vm^ + 4, —to) U (to, %/ to^ + 4) . 

To study H we reduce the problem to a non-self-adjoint Laplacian like operator which depends on 
the spectral parameter. This is due to a spin- up/down decomposition, see Proposition 14.21 This idea 
has been efficiently used in the continuous setting, e.g., |DES[ [BoGoi IJeNe] and references therein, and 
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seems to be new in the discrete setting. Then, we adapt the iterative process to the non-self-adjoint 
Laplacian like operator and follow the presentation of jFHSj . We refer to [FHS2| for recent survey about 
this technique. 

Finally we present the organization of the paper. In section [2] we recall general fact about the free 
discrete Dirac operator and about hyperbolic geometry. Then in Section [3] we present the main results. 
Next in Section|4l we reduce the problem to a kind of Laplacian and adapt the transfer matrices technique. 
After that in Section [5l we prove the main results about absolutely continuous spectra. Finally we discuss 
briefly the case of the Laplacian. 

Notation: Given V G i'^^A.C) we define by V{Q) the operator of muhiphcation by V in f{AX'')- 
Let Nfe := Z n [k, +oo[ for fc e Z and N := Z+ = Nq. For A, B C C, we sci A B if c\A C intB, where 
cl and int stand for closure and interior, respectively. 

Acknowledgments: We would like to thank Serguei Denisov, Stanilas Kupin, Christian Remling, and 
Hermann Schulz-Baldes for useful discussions. 

2. General facts 

2.1. The spectrum of the discrete Dirac operator. Let G G {N,Z}, we define d£ B (€^(G, C)) by 

V/ e f{G, C) df{n) = f{n) - f{n + 1). 

Clearly d is bounded. His adjoint is given by 

d* f(n) - / if G = N and n = 0, 

•^^ \ f{n) — f{n — 1) otherwise, 

for all / € ^^(G, C). Now for m > we define the Dirac discrete operator on £^(G, C^) by 

r,(G) f ^ d 
■ \ d* -m 

It is easy to see that Dm'^ is self-adjoint. Let A^''^ be the Laplacian on ^^(G,C) defined by 
(2.1) A(«)/(n) = 

for all / G ^^(G, C). We study first the Dirac discrete operator on Z, we have 

V^™ ) ^\ A(^) + m2 

By taking Fourier transformation, we see that A^^^ is non-negative and that his spectrum is [0,4] 
Therefore, the spectrum of (Dm^\ is [m^,4 -t- m?]. Relying on (jl.ip . we obtain. 



f{n) - f{n + l) if G = N and n = 0, 

2/(n) — f{n — 1) — f{n + 1) otherwise. 



Proposition 2.1. We have 



Proof. We have (^-D^n^ - a) ^ = U (^olf - ' U so if (^-A™^) = Uip (^olf^ U, for all ip Borel 

measurable. Therefore, a (^Dm^^ = [— \/?t!-^ + 4, — m] U [to, V + 4j . By writing Z = Zl U N, we 

see easily that cross (-Dm') — crcss(-Dm ')• To conclude, a direct computation shows that Dm^ has no 
eigenvalue. □ 
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2.2. A few words about the PoincEire half-plane. We shall use extensively some properties of the 
Poincare half-plane. It is defined by: 



= {x + ij/ I x e R, y > 0}, endowed with ds^ = ^ . 



y 

Recall that the geodesic distance is given by: 

(2.2) dH(.i,..) = cosh- ( 1 + ife^) < '^^ - 



We turn to the study of (hypcrbolic-)contractions. 
Lemma 2.2. Given a,b E cl(H) and c > 0, we set: 

(2.3) ipa^bAz) - (a - {b + cz)~^^ 

It is a contraction o/(IHI, dji)- 

Moreover, if a,b H, ipa.b,c is a strict contraction o/(H, dn). More precisely, we have 

(2-4) dm {ipa,b,c{zi)^'Pa,bAz2)) < . , c^/\ c^^.N ^M (^1, Z2) , 

1 + ^(aj • -s(o) 

for all zi, Z2 e H. Moreover we have 

dm{^a,bA^^l)^'Pa,bAz2)) < ^, ,,2 ' 

(3(6) • 3(a)) 

/or aZ/ zi, Z2 £ H. 

Proof. First, since z i— )■ cz is a hyperbolic isomctry, it is enough to consider (fa^b '■— ^a,b.i- Then, using 
that z t-^ z + w is a contraction when w G cl(H) and that z n- — l/z is an isometry, we obtain that ipa^b 
is a contraction. 

We turn to the second statement. A direct computation yields that if /i e H then 

Given C > 0, as in the proof of jFHSj [Proposition 2.1], if zi, Z2 £ H with min (|zi|, |z2|) < C note that 

C 

dn{zi + a, Z2 + a) < dM{zi,Z2). 

C + s(a) 

Since z i— — z~^ is an isometry of H and zh^— (6 + z)^^ is a contraction of H, wc use (|2.5p ior h ~ b to 
have that 



dM{'Pa,bi^i),'fa,b{^2)) ^ du(a- {b + zi) \a-(6 + zi) 



(5(&)) 



-1 



- (5(6))-+ 5(a) + '"^'"^'^ 
1 + -s[a) ■ s[b) 

for all zi, Z2 e H. So we obtain (|2.4p . By (|2.5p for = a wc know that — (a + H)^^ is an Euclidean ball 
of diameter 3(a)~^, hence 

\fa,bi^l) - 'Pa,biz2)\ < (3(a))"^ 
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for all zi,Z2 G H. Given C > 0, if z G H with \z\ < C* we have 

5(a) 



> 



a + zj {C+\a\y 
So if z e H, by (123]) for /i = 6, | - {b + z)-^\ < so 

3(a) 



S iVa,biz)) > 



So we obtain that 

dM{'Pa,b{^l),^a,biz2)) = COsh 



< 



\ 2 3(v?a,,(zi))3(^„,fc(z2))y - V3(^a,b(zi))V3(^,,b(z2)) 

(5(6)) +|a|j _ (i + cj(6)|a|)2 



(3(a))^ (3(6) -SCa))^ 

for all zi,Z2 G H. 

Wc shall also need the following technical lemmata. 
Lemma 2.3. Suppose that a,b E cl(H), c > 0, and z G H. We have: 

^ f i\b\+c\z\)^ \ (IH + ck|)(|a| + (cS(z))~') 



□ 



(iH(<y5a,(),c(z) 

Proof. First we have: 



\'Pa^bAz)\ = — -r- — r 

a — (o + cz) 
Then we obtain: 

9 (<<5a,b,c(^)) = 3 



< 



\b+cz\' ^ {\b\+c\z\f 



3(a- (fe + cz)"') q(-(6 + cz)"') 3(fe + cz) " c5(z) 
1 \ 3 (a- (6 + cz)"^) 3(-(6 + cz)"^) 



a — {b + cz) 



a — {b + cz) 



> 



3 (6 + cz) 
|6 + cz|' 



(|a| + 3(6 + cz)"' 



> 



(^\a\ + \b + cz\-^ 
c5 (z) 



+ c|z|)2f|a| + (c3(z))-i 



Finally with (|2.2p wc infer: 



«H(</'o,b,c(2;),l) < = < 



V^I^a^cM) (<<5a,b,c(z)) 

which yields the result. 

Lemma 2.4. For all n E Ni there exist 

An, Bn, Cn, Dn G K[Xi, Yi , Zi, . . . , X„ , , Z„], 

such that C„(w) + Dn{uj)C ^ anrf 

A„(^) + 5„(cj)C 

v^....,.. o . . . o ^.„,,„,„(C) = -c„H + i,„(^)C' 
/or all Lo := (.Ti,yi, zi, . . . ,a;„, j/„, z„) G (cl(]HI)^ x M^J^)" anrf C G H. 



□ 
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Proof. We prove the result by induction. Let n = 1, we have 

^.,yAQ- (y + z^) ) - + C,ix,y,z) + D^{x,y,z)<: 

with 

Ai{x,y,z) ■.= y, Bi{x,y,z) := z, Ci{x,y,z) :=.Ty-l, and ?/, z) := xz. 

Moreover 

Ci{x,y, z) + Di{x,y,z)C = - 1 + xzC = {y + zC) (x ^—j] ^ 

for all (x, y, 2) € cl(H)^ x K;^ and e H because this is the product of two elements of H. 

Now suppose that we have proved the existence of A„ , i3„ , C„ , I?„ and prove the existence of j4,i+i, 
B„+i, C„+i, and Ai+i- Let w := (xi, j/i, zi, . . . , x„+i, y„+i, z„+i) e (cl(]HI)2 x R^)"'*'^ and C e EI. Let 
w (a;i,2/i,zi,...,x„,j/„,z„), we have 

■ ■ O <(Sx„+i,y„+i,2„ + i(C) = <^xi.yi,2i O • • • O <^x„,y„,2„('^r„ + i,y„ + i,2„ + i(C)) 

A (w) - B + ■Bi(a;„+i,y„+i,Zn+i)C 

Ci(a;„+i, z„+i) + Di(a;„+i, y„+i, 2:„+i)C _ A„+i(a;) + i3„+i(a;)C 



^ n Ai(a;„+i,y„+i,z„+i) + Bi(a;„+i,y„+i,z„+i)C C„+i(a;) + i:)„+i(a;)C' 



C\{Xn^l , yn+1, Zn+l) + Di {Xn+1 , J/n+l , Zn+l)C 



with 



Ai+ii^^) An{t:j)Ci{xn+i,yn+i, Zn+i) - B„ (w) Ai (a;„+i , y„+i , z„+i ) , 

I yn+l: Zn+l 

Cn+i{uj) C„(a;)Ci(x„+i,y„+i,z„+i) - Aj(w)Ai(a;„+i, y„+i, z„+i), 
Dn+iiuj) ■■= C„(J))L'i(x„+i,y„+i,z„+i) - Ai(t^)Si(x„+i,y„+i,z„+i). 

Finally since fx„+i,y„+i,z„+i is a contraction by Lemma 12.21 we have that <^x„+i,y„+i,z„+i (C) ^ H and 

C„+i(w) + Ai+l(w)C = (Cn(ti) + £'«(w)^:,„ + i,y„ + i.3„_,i(C)) 

X (Cl(.T„+l,y„+l,Z„+l) + i:)l(.T„+l,J/„+l,Z„+l)C) 7^ 0, 

by induction. This finishes the proof. □ 

3. Main results 

In this paper, we study a Jacobi-like version of Dm^ + V{Q), given V = (Vi,V2)* G £°°((G,R^) and 
W = (H^i, W2)* e ^°°(G,C2), let 

/o IN rr(G) ._ f m + Vi{Q) d 



d* -m + V2{Q) J ' 

where d := d + Wi{Q) + W2{Q)t with Tf{n) f{n + 1). We stress that we allow Wi to have non-purely 
complex values. This is not merely a magnetic perturbation. 

We start with the main result on N. It will be proved in Section [5TT] 

Theorem 3.1. Take V € ^°°(N,R2) and W G i°"{N,C^) with: 

(3.2) lim V{n) = lim W{n) = 0, 

n— >oo n— )-oo 
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then (Tcss(-ffj,f vvf) ~ [— V rn? + 4, — m] U [m, V + 4j . Assuming also that there exists vi, V2 G smc/j 
that 

W^i(n) 7^ -1 and W2{n) ^ 1, /or n G N, 

(3.3) 

- r''! e ^1 (N, R2 ) a„rf - r-^^ ^ e (N, ) , 
then the spectrum of H'^y^ is purely absolutely continuous on [~V "m^ + 4, —to) U (to, V^t-^ + 4) . 
Wc discuss briefly the necessity of the first line of 



Remark 3.2. Assume that there is uq such that W2{no) — 1, then the operator is a direct sum of H^^y ^^y 
and of a finite matrix. Therefore, it is easy to construct embedded eigenvalues for this operator and this 
is an obstruction for the result of the Theorem. 



We turn to the case of Z, we have this important symmetry of charge: 
•4) 

where U is given by (|l.ip . 



Theorem 3.3. Take V G £'^{Z,W) and W e e°°{Z,C ) with: 

lim V{n) = lim W{n) = 0, 

n— >±oo 71— v±oo 

then f^cssiH^yyy) = [— \/ ni^ + 4, —to] U [to, \/ m"^ + 4j . Assuming also that there exists v G such 
that 

Wi{n) ^ -1 and W2{n) ^ 1, for all n e Z, 

(3.5) 

-^"'^z e £\Z+,R^) andW\^ - r'^^Wy^ e £\Z+,C^), 



then the spectrum of H^ yy^ is purely absolutely continuous on {^\Jm^ + 4, —to) U (to, \J to^ + 4) . 

Remark 3.4. Note that in Theorem \3.3[ supposing alternatively 

(3.6) V|,_ -r'''V|,_ e£\Z-,C^) and W\._ - t'''-W\.^_ e£\Z-,C^), 

gives the same result by using the transformation U . 

4. A Laplacian-like approach 

4.1. An other for for the resolvent. The objective is to transfer the reduce of the operator 

on £^(G, C^) to the one of two operators which are similar to a Laplacian. Take A G H, y = (Vi, V2)* G 

f°°((G,R2)^ and W = iWi,W2Y G £^{G,C^), we define 

and 

We first check there invertibility. 

Proposition 4.1. Let X e M, V = (^1,1^2)* e ^°°(G,R2), and W = (M^i,W^2)* e ^°°(G,C2), then 
^hL^v.w A2!^m,A,y,vy "'^e invertible. 
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N-1 ; 



Proof. For 6e B{t'^{G,C)), X,Y ^ ^°°(G,M) and /i G H let A^^b.x,Y b* (^-X(Q)) ^b + Y{Q), then 



(4.2) 



<0, 



for / e £^(N,C). With the Numerical Range Theorem (e.g., |BoGo] [Lemma B.l]) we derive that we have 
H C p{Afj_,b^x,Y), the resolvent set of A^ ij^x.y- Since 

we get ^ y and ^^2m x v ^'^^ invertible. □ 

We give a kind of Schur's Lemma, so as to compute the inverse of the Dirac operator, see also jPESj . 
[BoGo| . and |JeNe| for some application in the continuous setting. 

Proposition 4.2. Let A e H , y = (^1,^2)* S and W = (1^1,1^2)* S £°°{<G,X^)- Then : 

frriG) xV' - ( (^S.A,y,lv)"' \( ^ ^' a+,„-V,(Q) \ 

Proof. We set (iJ^y^vF - ^)/ = .9- This gives: 

I d*/i + (^2(0)-A-m)/2 = 32 ' I ^ TTTT^V^l (.92 - 

/i = \ I (-91 ~ ^T777^V~~; (-92 - '^Vi) 

Vi(Q)-\ + m\ V2(Q)-\-m 

•^2 = TTTTv^ ( -92 - '^*T7Trr\ (^i ^ ^/2) 

^ -J*- (A-m-Fi(Q)) ) /i = .91 +d— ^T777^52 



A + ?7i-y2(g) ^v-^^Y^' A + ?7i-y2(g)^ 

^777^rf~-(A + m-F2(Q)))/2 = d*T ^777^5l+.92 

A - m - Vi (g ) / A - m - Vi (Q) 

Since A-j^ ^ y^;;^ and ^2 m xvw invertible, we obtain the result. □ 



4.2. Study of the truncated operator. Note that in (|4.ip . if we leave aside the terms in A, V , and 
VF, we obtain a Laplacian on N. Moreover, motivated by the results of Sections 15.11 and | 5.2[ it is enough 
to focus the analysis on the study of ^2^^^^^^^. Therefore, we stress that we will not study at all 

^i^TTi WW- fact, the latter leads to some technical complications and is less natural, i.e., it is not a 
direct analogue of the Laplacian on N. 

As in |FHSI . we reduce the problem to Nfc := Zn [fc, +00 [ for fc G N. We define the truncated operator 
di^^ & B by 

d»/(fc) = (1 + W^{k))f{k) + (-1 + W2{k))f{k + 1) 
for aU k>n. Now we define l:^^Z]\y,w ^ ^ (^^(N„,C)) by 



We point out that: 



^(0) _ ^(N) 
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Proposition 4.3. Let A £ H, F = (Vi,V^2)* e £°°(N,R2)^ and W = (H^i,W2)* € £°°(N,C2), then 
A vw invertihle for all n S N. 



Proof. This is essentially the same proof as for Proposition 14. II 
We study the related Green funetion: 

The objeetive is to bound independently of A. We give the first property of 
Proposition 4.4. Take \eU,V & ^°°(N,M2), and W G ^°°(N,C2) then 

for all n e N. 
Proof. We have 



□ 



9(a„) = 9(A) 



So 5(a„) > because A e H and I A, 



\^-m-V^\(Q)\ 



An) 



m.\,v.y/ 



Sn 



+ 



\,V.W 



Sn ^ 0. 



□ 



We follow the strategy of |FHSj and express q;„ with the help of a„+i. The aim is to use a fixed point 
argument in order to recover some bounds on ag. 

Proposition 4.5. Take \ e M, V e £°°(N,R2), W G i°°{N,C'^) with Wiik) =^ -1 for all k e N, and 
ri G N. By setting 

$„(z) := iPa„,b„,c„{z) = - (an - {bn + C„z)"^^ 

a„ := A + TO - V2{n) G H 
bn := (A-TO- Vi(ri))|l + Tyi(n)|-2 gH 



(4.3) 



1- W2(n) 



l + Wi{n) 
We have q:„ $„(«„+! ). 

Proo/. We define in ^2(N„,C) and in e'^{Nn+i,C) 



/- A 



and o := ( A 



(n+l) 
^7n,\,V,W 



Sn+1, 



respectively. Clearly a„ = /("■) a-nd = (7(71- + f ). By definition / is the unique solution in P{NnX) 
of ^^^\y,wf = i.e., 



(4.4) 



1 + Wiik) 



A - TO, - yi(fc) 
i -"w^(fc- 1 



((1 + Wi{k))f{k) + (-1 + W2{k))f{k + 1)) 



A-TO-yi(fc-l) 
for all fc > n + 1 and where 
i + WT (n) 



((1 -W2ik^ l))f{k) + (-1 -W,ik- l))/(fc - 1)) - (A + TO - V2{k))f{k) = 0, 



(4.5) 



A — TO — Vi (n) 



((f + W,{n))f{n) + i-l + W2{n))f{n + 1)) - (A + to - V2{n))f{n) - 1. 
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We see that /i,, is solution of ()4.4p for all A: > n + 2 and where 

A-l^Fi(n + l) «1 + ^1 + + 1) + + + + 2)) 

-{X + m-V2{n + l))f{n + l) 

_ 1 - T^(rt) 
A — m — Vi (n) 

So we obtain that 



((1 + Wiin))f{n) + (-1 + W2in))fin + 1)) 



Because A|"];^^ ,^5 = Sn+i we have 

AL^.t^l.H'/l.,.,, = x-l!^-%ln) + + + ^2 (n))/(n + 1)) A^^X^^g 
But A^"^^y^^ is invertible, so 

f\n = , , ((1 + W^i + (-1 + W2in))fin + l))g. 

Note that 

fin + 1) = , ^ ' ^ + + (-1 + W^2H)/(n + l))g{n + 1). 
A — m — Vi [n) 

Straightforwardly, using (|4.5p we conclude that a„ ~ f{n) ~ $„((;(n + 1)) = $„(q:„+i). □ 

4.3. An iterative process. The key of the process relies on the fact that $„ is a strict contraction. 

Proposition 4.6. Given X e M, n e N, V £ e°°{N,C^), and W e e°°{n,C^) with Wi{n) ^ -1 and 
7^ 1- Then $„ is a strict contraction. More precisely, we have 

(4.6) ^e(a>„(.i), < ,^(^(,)).(,V||^^||^)-i -^M(zi,..), 

for all zi, Z2 e H and n G N. Moreover we obtain 

<;„(*,.(=■).*,.(.,)) < "^'"■'"'^"'rf''^ 

(S(A)) 

/or all zi, Z2 € H and n G N. 



Proof. Using Lemma [2.2) we obtain that that $„ = (pa„.b„.c„ is a strict contraction. More precisely, we 
get 

dH($n(2l),$„(z2)) <— 7rT^-T^r77-^dH(zi,Z2) < ,^,,,,2 ,1 „ , _i (^1 , Z2) , 

1 + 9(a„)9(&„) l + (5(A))^(l + ||l^i|ioo) 

for all zi, Z2 G H, and 

dM('J>„(.i), <ii±^MKf < (i + KIUI|5„|Uf (i + niy.|Uf 

(5(6„)5(a„))^ - (3(A))^ 
for aU zi , 22 G H. □ 

Now we have an asymptotic property, this is an analogue of |FHS| [Theorem 2.3], it relies strongly on 
the fact that is a strict contraction. 
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Corollary 4.7. Take V G ^"'(N.M^)^ and W e i°°{N,C^) with Wi{n) ^ -1 and W2{n) ^ 1 /or all 
71 e N. Then for all X eM and (Cn)n G H'^ we have 

dH-lim $0 o • • • O ^niCn) = "0- 
n— >oo 

Proof. With Proposition 14. 4[ for all n S N wc have a„ e H. With Proposition 14.61 there exist 5 £ (0, 1) 
and r] > such that 

dmi^nizi),^n{z2)) < mm {Sdm (zi, Z2) , T/) , 
for all 71 e N and zi, Z2 G H. So, using that a„ = $„(a„+i) for all n G N, we obtain that for 71 e N 

($0 O • • • O $n(Cn)> "O) = ($0 O • • • O $n(Cn), $0 O ' ' ' O $„(a„+l)) 
< ($„(Cn), $nK+l)) < ?7<5". 

Therefore, dn^inin^oo $o ° ■ ■ ■ o <i?n(Cn) = "o- □ 
From now on, set 

ly ~ niax(i^i, 7^2)- 

Now unlike in jFHS| [Lemma 4.5] or in |FHS2j [Proposition 3.4] we shall not rely directly on a fixed point 
of but on one of o • • • o The proof is unfortunately more complicated but the improvement 

is real as we can treat potentials satisfying V — t^^ V £ l^. Recall that with the approach of |FHSj , one 
covers only the case v = 1. We localize in energy and we introduce: 

(4.7) := (a;i,a;2) +i(0,£). 

Proposition 4.8. Take x G (— vm^ + 4, —771) U (771, ^/m? + A) , v e Z!i_, aTid assume that p.2p and (|3.3p 
hold true, then there exist Xi,X2 G K such that x G {xi,X2) and Mi,e > so that 

dM {ao, i) = dM (^(^So, {A^°]xy.w) ' ^ i) < 
for all A G Kxj^,x2,e- particular there exists M2 > such that 

< Ah 



for all A G J^xi^xa.e- 

Proof. Using Lemma [2^ there exist some polynomials A, Bi, B2, C G K[Xi, . . . , X31,] such that 

*n O • • • O <I>„+^„i(z) = (Pa„,b„,c„ O • • • O Va„ + „_i,6„ + „_i,c„ + „_i(z) 
_ CjiOn^x) + B2{U)„^\)Z 
Bi{LOn,\) + A{LOn,\)z ' 

for all A G HI and n G N, where 

and where Bi{lo) + A{uj)z ^ for aU w G (cl(H)2 x M.\Y and z G H. 

We now work in a neighbourhood of a;. First notice that the fixed points of ipx+m,x-m.i are given by: 



a; — 771 , 1. x — m,^ „ „, 

4.8 ^± 1 4 + 77l2-x2 . 

2 2 V 2; + 

Then 



^x+m,x—m,l O • • • O ^x+m,x — 7n,l{'') 



Bl{u}oo,x) + A{uJao,x)- ' 
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where uJoo.x (a; + m, a; — to, 1, . . . , x + m, a; — m, 1), has at least (|4.8p as fixed pomts. As it is a 
homography it has exactly at most two fixed points. Note also that A{ujoo,x) ^ 0, because there are two 
different fixed points. 

Now we would like to study the fixed points of 

^ ' Bi(a;)+A(u;)2 

with respect to z, for w being in a neighbourhood of uJoo.x- As the Inverse Function Theorem does not 
seem to apply we rely on a direct approach. Since A is continuous, there exists a neighbourhood fii of 
Woo, a; such that A{{J) ^ for all w G Hi. We define on fii 



where we have chosen the square root in order to guarantee that: 




A{u^) 

for all uj €z fli- A direct computation gives that Z{lu) is a fixed point of -R(w, ■) on f^i. Since A, Bi, and 
B2 are polynomials with real coefficients, we infer that ^{Z{u!oo.x)) > 0, by the choice of the square root. 
On the other hand Z{ujoo,x) belongs to (j4.8p . Therefore we infer that 



(4.10) Z{u;^,x) - + ii J^^(4 + to2 - x2) e H. 

2 2 V 2; + TO 

In particular, since A, _B2, and C are polynomials with real coefficients, 

M-^o.,x) (B.jco } +B2{c0^^.x)y ^ ^(4^^2 „^2) ^ 0^ 

A[uJoa.x) V ^(Woo,x) / a:: + TO 

Therefore there exists a neighbourhood O2 C f^i of cJock such that 

We infer that we can take the principal value of the square root in the definition of (|4.9p when ui G ^2- 
In particular, Z G C°°{il2,'C). Hence, recalling (j4.10p . there exists a compact neighbourhood fl^ C ^2 of 
Woo.x and 7^1, Afi > such that 

3(Z(w)) > 771 and |Z(w)| < Ml, 
for all Lo G 1^3. Now there exist xi,X2 G M, £ > 0, and uq £ N such that x G (a;i,a;2) and ujn^\ G for 
all A G Kx-i^^x2,e and ?i > tiq. We define now 

z„(A) := Z(a;„_A) 

for all A G Kx-^^x2,e and n > uq. Notice that 

(4.11) 3(z„(A)) > m and |z„(A)| < Mi, 
for all A G Kx-^^x2.e and n > uq. Moreover, by definition of Z we have 

(4.12) $„ o • • • o $„+^_i(z„(A)) = z„(A) 
for all A G -ftr^i,rr2,£ and n > tiq. Next, there is M2 > such that 

{\ak - flfc+.l + \bk - bk+u\ + \ck - cfe+,|) < M2 i\\V{k) - V{k + + \\W{k) - Wik + iy)\\) 
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for all A e Kx^.x^^e and /c e N. Now since Z is C°°(f23,C) and 1^3 is compact, there exists a Lipschitz 
constant M3 > such that 

\Zn+u{X) - Zn{\)\ < AhW^Jn+i^.X - ^^n.\\\ 

< M3 (|a„+^(A) - a„(A)| + |6„+^(A) - &„(A)| + |c„+^(A) - c„(A)| + • • • 
+ |a)i+2i/-i(A) - a„+i._i(A)| + |6,i+2i/-i(A) - fe,i+,y-i(A)| + |c„+2i/-i(A) - c„+^_i(A)|) 

(4.13) < AhMs^ {\\V{n + k + - V{n + k)\\ + \\W{n + k + i^) -W{n + k)\\) 

for all A € Kxi.x2.e and n > uq. By Corollary 14.71 for all A £ -R'a:i,x2.£j we have: 
dH(i,ao)= lim ^0(1, $0 o ■ • • o $rio+>^(«+i)-i(zno+i/«(A))) 

n— f 00 

Cno+iy-3 
dH(i,$o(i))+ V dH($o o • • • o *fc(i),$o o • • • o *fc+i(i)) 

+ dH($0 ° • • ■ o $„o+>.-2(i), $0 ° ■ ■ ■ o $„o+i.-l(2no)) 

n-1 \ 

+ ^dm{^0 O ■■ ■ O ^no+i^{k+l)-l{Zno + i^k),^0 O ■ ■■ O $„o+i.(fc+2)- 1 (z«o+i^(fc+l) )) ) 
fc=0 / 

no +;y- 2 

(4.14) < dH(i,*fc(i)) +dH(i,*„o+!.-i(z„o)) 

+ ^ C?H(2^no+i'fc, $„(,+iy(fc+l) o • • • o $„Q+y(s,+2)-l(2:„o+!^(fc+l))) 
A;>0 

no +u- 2 

(4.15) = ^ dH(i,$fc(i)) +dH(i,$no+<.-l(-Zno)) 

C^H(^no+!^fcj ^no+i^(fc+l)) 

/c=0 fc>0 

(4.16) < Y: rfH(i,'i>,(i))+dM(i,$„„+.-l(z„J) + E ^ l^"0+.^-^ ^"o+.(fc+l)| ^^^ ^ 

k=0 k>0 (^(^rio + i^fc)) (S(^no+i/(fe+l))) 

Here in ()4.14p we have used the fact that $„ is a contraction, in (|4.15p we exploited (j4.12|) , and in (|4.16p 
we relied on (j2.2p . 

Coming back to ()4.3p . one finds easily M4,rn > such that 

max(|a„|, |5„|) < and 774 < c„ < M4, 

for all A G -ft'aji.aja.E and for all n G N. Then, Lemma [2.31 ensures that 

(4.17) de($„(.),.) < ^^c,(,) + Ij ^^^^^^^ • 

for all z e H, A e Kxi.x2.£, and n. e N. Finally combining (|4.16p and estimates (|4.1ip . (|4.13p . and (|4.17p . 
we infer: 

aH(ao,i) <('^o + 1^-1) ^- 1 

\ m ) \A74 

• {M_^ + MaMi?_ ^ \ {A'hAh + Ah) (M4 + (??4??i)^^) 



+ 



i^^^ (||F - r'^Flli + - r'-VFlli) 
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for all A g Kx;^^x2,e- The second point comes by recalling that A|,"\ = A! 

5. The absolutely continuous spectrum 
We recall the following standard result, e.g., [ReSij [Theorem XIII. 19]. 
Theorem 5.1. Let H be a self-adjoint operator ofH, let {xi,X2) he an interval and f ^Ti. Suppose 



,(N) 



□ 



(5.1) 



limsup sup \{f , {H - {x + \e)) \/)|<+c 



then the measure (/, 1(.) (i/)/) is purely absolutely continuous w.r.t. the Lebesgue measure on (.ti,X2). 

5.1. The case of N. In the previous section we have estimated the resolvent of A2 ^ xvw Keeping in 

mind Proposition 14.21 we explain how to transfer the result to H^^'^yy^. We start by reducing the study 
to an unique vector. 

N,C2) with Wi{n) ^ -I and 



Lemma 5.2. Given A C C\M bounded, V £ l°°{n,'R^), and W € 
W2(n) ^ 1 for all n G N. Suppose that there exists Ci > such that 



'-m.V,\\ 



r - A 



<5o 



for all X G A. Then for all xi,yi, X2, 2/2 G C and ni, 71,2 G N there exists C2 > such that 



for all X e A. 
Proof. Let 

We have clearly 



X2 
2/2 



< C2 



1/2(0)1 



H 



(N) 

m,V,W 



- X 







for all X £ A. By definition, / is the unique solution in €^(N,C^) of 

{m + Vi{n) - A)/i(n) + (1 + M^i(n))/2(n) + (-1 + W^2(n))/2(n + 1) = 
(1 + Wi{n))fi{n) + (-1 + W2{n - l))/i(n - 1) + (-m + V2{n) - A)/2(n) = 

for all n > 1 and of 

r (m +J^(0) - A)/i(0) + (1 + VFi(0))/2(0) + (-1 + Ty2(0))/2(1 
\ (1 + M^i(0))/i(0) + i-m + 1/2(0) - A)/2(0) ^ 1. 

So by induction on n E N there exists D„ > such that 

\Mn)\ < D„, 

for all A G j4 and i G {1,2}. Therefore we obtain that 

-1 



SoAH, 



r(N) 

Uny.w 



- X 



X2 
2/2 



X2 
2/2 



Trim 
"2' \^m,V,W 



X 



for all Xe A. Now let 



- X 



X2fl{n2) + y2f2{n2)\ < i\x2\ 
I 




1 

\y2\)Dr, 



C2 



X2 
2/2 
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we have 



l<?2(0)| 



r(N) 

^m.V,W 



- X 



X2 
2/2 



< Co 



for all X G A. By definition, g is the unique solution in £'^{N, C^) of 



(m + Vi{n) - X)gi{n) + {1 + Wi{n))g2{n) + (-1 + W2{n))g2in + 1) = X2(5„,(n) 
(1 + Wi{n))gi{n) + {-l + W2{n- l))gi{n - 1) + (-m + ¥2(71) - X)g2{n) = y25nM 

for all 71 > 1 and of 

(m + - A)<?i(0) + (1 + M/i(0))52(0) + (-1 + W2(0)).g2(l) = X2(5„,(0) 
(1 + Tyi(0))5i(0) + (-m + ^2(0) - X)g2(0) = y25n.(0). 

So by induction for all n G N there exists D'^ > such that 

\9.{n)\ < D'„, 

for all A G A and i e {1,2}. Therefore we obtain that 



A 



X2 
2/2 



\xigi{ni) + yig2{ni)\ < {\xi\ + \yi\)D'^^ =: C3, 



for all A S A. This concludes the proof. □ 
We are now in position to conclude of our main result. 

Proof of Theorem \3.1\ Since Dm^ — compact, then Weyl Theorem gives the first point. We 

prove the second one. Take x € (— V + 4, — m) U (m, V + 4) . By Propositions 14.21 and 14.81 we have 
that there exists e, C > and xi, 2:2 € K such that x € (ii, X2) and 



r(N) 



5o 



< c 



for all A G Then Theorem 15.11 and Lemma conclude by density. 

5.2. The case of Z. Now we express \ vw '^ith the help of .■ 

Lemma 5.3. Take XeM,Ve £^{Z,M.^), W € £^{Z,C^) with Wi{0) ^ -1 and W2{-1) ^ 1. Set: 

Z2) := - (a - (6 + czi)-' - (b' + c'z2)"') 
a := A + m- 1^2(0) G H, 

& := (A - m - Fi(0))|l + Wi{0)\-^ e H, fe' := (A - m - Fi(-l))|l - W^2(-l)r^ e H, 



□ 



1-VK2(0) 



1 + ^/^1(0) 



1 + 



1 - Vl^2(-1) 



we have 



(Z) 

'2,m,A,V,H' 



So 



(0) 

m,A,(ry)| ,(rW)| 



^^0^ , ^(^O, A|^^|^^^^2j,^^^^j,^^^t^^^^^_^2j,^_^ _^2^^^^t^^<5o^^ 
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Proof. We define 

9 - (^m!A,(ry)|^^,(rM/)|J ^0 and h (^A|°J^^^^,j,^^^^j,^^^,^^_^^^_^3^^^ ,5o. 



Clearly 



m,X,{r^TVi,TTV2)\^,{T-T^TW2,-T2TWi)*^ 

By definition / is the unique solution in £^(Z,C) of Aj^^ ^ vw-f ~ '^Oj i-e- 
1 + m{n) 



A — m — Vi (n) 



((1 + Wiin))fin) + (-1 + W2in))fin + 1)) 



(5.2) + Y ^^1" ^\ ((1 - W2in - l))/(n) + (-1 ~W,{n- l))/(n - 1)) 

A — TO — l/i(ri — 1) 

-{\ + m-V2in))fin)=Soin), 
for all 71 e Z. Let /' := (t/)|j^, we see that /' is solution of 
1+Wi(n + 1) 



A - m - + 1) 

1 - m{n) 



((1 + Wi{n + l))/'(7i) + (-1 + W2{n + l))f{n + 1)) 

((1 - W2in))r{,2) + (-1 - Wiin))fin - 1)) 



A — m — Vi (n) 

- {X + m-V2{n+l))f{n) =0 



for all 71 > 1 and where 

i+Wi(i) 



A-77i-yi(i) 

1-11^(0) 



((1 + M/i(l))/'(0) + (-1 + W2{l))f{l)) - (A + m - 1/2(1))/' (0) 
((1 + M/i(0))/(0) + (-1 + VK2(0))/(1)) . 



A-771- yi(o) 

So we obtain that 

ii°k„.,,„,„„,,,„/' = ^l„'!i°'(o) (d + "'.(0))/(0) + (-1 + HMO))/(l))i„ 

Since '^':!i]x,irV)^^XrW)^^,^ ^'^ invertible, we get 

(^■3) x^'^l/L «1 + + + W^2(0))/(l)) g(0) = /'(O) = /(I). 

A — TO — Vi[0) 
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Now let /" := (t5/)|^^ We see that /" is solution of 

i+wr(-7i- 1) 



A — TO — Vi (— n — 1) 

, l-T^(-n-2) 



((1 + Wi{~n - l))/"(n) + (-1 + W2{-n - l))f"{n - 1)) 

((1 - W2{-n - 2))J"{n) + (-1 - Wi{-n - 2))f"{n + 1)) 



X - m - Vi{-n - 2) 

- {X + m - V2i-n - l))f"{n) ^ 

for all n > 1 and where 
1 -M^(-2) 



X-m-Vi{-2) 



((1 - W2(-2))/"(0) + (-1 - Wi(-2))/"(l)) - (A + TO - V2hl))f"{0) 



1 + 

A - TO - yi(-i) 



((1 - VK2(-l))/(0) + (-1 - . 



By setting A := A'°' , „„,, ,t , 2^,,,, ,„,,, ^ , we obtain 

° rn,\,{T^TVi,TTV2)^^^,{T-T^TW2,-T^TWi)^^^' 



A/" = ^ ((1 - W^2(-l))/(0) + (-1 - So 



X-m-Vii-1) 

_ 1 +Wi(-i) 

^ A-TO-Fl(-l) 

Since A is invertible, we infer 

i+Wi(-i) 



((1 - W2{-l))f{0) + (-1 - W^i(-l))/(-l)) Ah. 



(5.4) 



((1 - W2{-l))f{0) + (-1 - MO) = /"(O) = /(-I). 



□ 



So ) is bounded independently of A 



X-m-Vii-1) 

Straightforwardly, using for n 0, ([O)) and ((^ we have that /(O) = $(g(0), /i(0)). 

Now with this Lemma we can obtain that (^5o, (^^''^^ \ vw 
with the Proposition 14.81 

Corollary 5.4. Take x e {-Vm^ + 4, -m) U (to, V^i^ +4), y e £°°(Z,M2), and € e°°{Z,C^) with 
Wi{n) 7^—1 and W2{n) ^ 1, for all n Cz Z. Suppose that there exists v G 1/^ such that p.Sp or (j3.6l) 
/loZds true. T/ien t/iere exist C, e > and x'i,a;2 G K swc/i t/iat a; G (a:^i,X2) and 



(Jo, (a. 



2,m,X,V,W 



So 



< C 



for all X e -ftTxi.xs.e- 
Proof. Let 



^/ / s a(0) 



t So) e 



With Lemma [5.31 we have 



'5o, A 



a - (6 + caA)"' - (6' + c'a'J ' 



< min ( Q 



(^(q (- (6 + ca,)-^)) , (3 (- (6' + cV,)-^)) 
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Now if V\.^^ - T-''iV|^^,M^|^^ - t^^Ij.^ e l^{'L+,€?) with Proposition US] there exist Ci,e > and 
xi,X2 S K such that x G {xi,X2) and d^{ax,i) < Ci for all A G Kxi.x2.e, so there exists C2 > such that 

for all A e Kxi,x2,e- Now if V]._ - r'^i V|„_ , W^|^_ -r''2iy|^_ € ^i(Z_,C2) with Proposition SH there exist 
Ci,e > and xi,X2 £ M such that x G (xi,X2) and (iH(a';)j,i) < Ci for all A G Kx.^^^x2,e^ so there exists 
C2 > such that 



< C2 



for all A g iC^i^xs.e- 

Finally we conclude with the help of the symmetry of charge. 



□ 



Proof of Theorem \3.3[ Since Dm — H^n yw compact, then Weyl Theorem gives the first point. We 
turn to the second one. Let n E Z, let x £ (— V"^^ + 4, — m) U (to, vrr? + 4). Proposition 14.21 and 
Corollary 15.41 ensure that there exist ei, Ci > and xi,X2 G K such that x € (a;i, X2) and 







for all A G Kx^.x2.ei- Then, Theorem 15.11 yields that the measure 

is purely absolutely continuous on (a;i, 3:2). Now we use U , see p.4p . Let 

V := (-S't'V2, -5T"ri)* and W^' := (5't"Wi, S-r""^!^)* , 
there exist £2, (^2 > and X3, 0:4 G M such that x G (xs, 2:4) and 



So 



r(Z) 



-A 



1 




&0 



w 



m,V',W' 



-A 

< C2 



1 




So 



So 



for all A G Kx;^,x4,e2- Again Theorem 15.11 gives that the measure 

is purely absolutely continuous {x3,X4^). Finally, remembering that x is arbitrary and by an argument of 
density, we infer that H^\r^, has pure ac spectrum (— Vto^ + 4, — m) U (to, %/ + 4] . □ 
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6. The case of the Laplacian 

In this section wc explain briefly how to adapt our proofs in order to prove Theorem ll.il For the sake 
of clarity, we stick to the case A + V{Q) and compare our proof directly to |FHSj . 
We start by the case of N. 

Theorem 6.1. Take V € ^°°(N,R2) and t G N such that: 

lim„^+oo V{n) = 0, 

(6.1) 

V-t'^V <e e\N,M.^), 

then the spectrum of A + V{Q) is purely absolutely continuous on (0,4). 

Apart from Proposition 16.31 our presentation is very close to the one of |FHS| . We start with the 
truncated case. Set: 

a„ (^Sn, (a(") + 14„^ (g) - a) <5„^ e H, 
where A^"^ is the Laplacian on N„, see (|2.ip . As in Proposition 14.51 we have = $„(a„+i) with 

$„(z) ^x^v{n),i,i{z) = - (a - V{n) - (1 + z)-^) ' . 

Note that $n is a contraction of H. However, unlike in Proposition 14.61 this is not a strict contraction. 
However, o is a strict contraction, see also jFHSj [Proposition 2.1]. This infers: 

Proposition 6.2. Take V e e°°{N,R), then for all X e M and (C„)„ £ Eff* we have 

dH-lim $0 O • • • O ^n{Cn) = OLQ. 
n—^oo 

Proof. See the proof of CoroUary gj] and [FHS] [Theorem 2.3] . □ 

Now unlike in |FHS| [Lemma 4.5] or in |FHS2j [Proposition 3.4] but like in Proposition 14.81 we use the 
fixed point of o • • • o $„+^_i. We obtain: 

Proposition 6.3. Take x e (0,4), V £ €°°(N,R), and v el^ with lim„_,+oo V{n) andV - t^V e 
.^^(N, M). Then there exist xi,X2 G K such that x € {xi,X2) and Mi,e > so that 

dm (Q!o,i) < Ml 

for all A e -ftTxi^xa^e- 

Recall that Kxi.x2.e is defined in ()4.7p . 



Proof. This is the same proof as in Proposition 14.81 We study the fixed points of $„ o • • • o $„_|_y in a 
neighbourhood of 

(^oo,x {x, 1, 1, ... ,x, 1, 1). 

The fixed points of iy9a: i i are 

2 2\x 

The rest remains the same. □ 



Finally Theorem 15.11 concludes the proof of Theorem 16.11 

We turn to the case of the line. As in Lemma we reducing the problem to the case of N because 



^<5o,(a(^)+F(Q)-a) 



< 



{X-V{n)-{l + a,)-'-{l+a',)-'y 
1 



3(-(l + aA)-i) 
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where 

:= (-^-i, (a'-'^^) + V\_^„_^ (Q) - a) ' <5_i^ £ H, 
with A^^i^ and A'^'^i^ the Laplacian on Ni and — Ni respectively. This gives Theorem II .11 
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